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Suppose that 2 is a local maximum (a similar proof applies if zg is a local minimum). Then there exists § > 0 such that (:1:0 —8,@9 + 6) C (a, b) and
such that we have f(zg) > f(z) for all z with |2 — z¢| < d. Hence for any h € (0, §) we have
zy + h) — f(z o
f(zo + h) — f(z0) <0
h .
Since the limit of this ratio as h gets close to 0 from above exists and is equal to f'(mo) we conclude that f (z9) < 0. On the other hand, for
h € (—4,0) we notice that -
zy +h) — f(z
f(zo + h) — f(zo0) >0
h —
but again the limit as / gets close to 0 from below exists and is equal to f'(z) so we also have f'(zg) > 0.
Hence we conclude that f'(zg) = 0. o
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6. Use the Mean Value Theorem to prove that [sin x — siny| < |x — y| for all x, y in R.

7. Use the Mean Value Theorem to prove that (x — 1)/x < Inx < x — 1 for x > 1. [Hint: Use the

fact that D In x = 1/x for x > 0.]

8. Letf : [a, b] — R be continuous on [g, b] and differentiable in (a, b). Show that if lirr: f'(x) =4,
X—
then f’ (@) exists and equals A. [Hint: Use the definition of f’(a) and the Mean Value Theorem.]
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6. Evaluate the following limits.

@ty

eX+e =2

1 — cosx

1

(b)

x2 — sin 2x

i S

7. Evaluate the following limits, where the domain of the quotient is as indicated.

. In(x+1)
0, m/2),
@) xl—l»r(?+ sin x (0, 7/2) |
1
© lim === (Om/2. 0

8 Evaluate the following limits:
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Arctan x

(—OO, OO), ‘

(©) xli)161+x31nx 0,00), QO

(b)

(d)

(b)

)

t
lim 2% (0,m/2), )

x—=0+ X -

tanx — x (O,JT/Z) 3"7

lim 3
x—0+ X

lim :

0,1), ™
x=0 x(In x)* .1
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Let f be differentiable on (0,
lim f(x)
X—00

= Land lim f'(x) =
X—0C

oo) and suppose that lim (f(x)+f’(x)) = L. Show that
X—00

0. [Hint: f(x )—e"f( )/ex.]
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__16. Let/ C R be an open interval, let f : I — R be differentiable on /, and suppose f”(a) exists at __

a € I. Show that

Fla) = im @ —2S @ +fla—h)

h—0 h2

Give an example where this limit exists, but the function does not have a second derivative ata.
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