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(h) Let A:= {x € R: x > 0}. For any irrational number x > 0 we define /(x) := 0.
For a rational number in A of the form m/n, with natural numbers m, n having no
common factors except 1, we define h(m/n) = 1/n. (We also define 4(0) := 1.)

We claim that / is continuous at every irrational number in A, and is discontinuous at

every rational number in A. (This function was introduced in 1875 by K. J. Thomae.)

Indeed, if @ > O is rational, let (x,) be a sequence of irrational numbers in
A that converges to a. Then lim(A(x,)) = 0, while A(a) > 0. Hence 4 is discontinuous

at a.
On the other hand, if b is an irrational number and ¢ > 0, then (by the Archimedean

Property) there is a natural number ng such that 1/ny < ¢. There are only a finite number

of rationals with denominator less than ng in the interval (b — 1,6 + 1). (Why?) Hence
8 > 0 can be chosen so small that the neighborhood (b — §,b + §) contains no rational

numbers with denominator less than ng. It then follows that for |x — b| < 8, x € A,
we have |h(x) — h(b)| = |h(x)| < 1/np < ¢. Thus h is continuous at the irrational

number b.
Consequently, we deduce that Thomae’s function /4 is continuous precisely at the

irrational points in A. (See Figure 5.1.2.) @CA)\H(—S'A N )9«7\'(' P(}) D 8 U
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Consider an interval I = [a, b] of real numbers R and a continuous function f: I — R. Then
« Version 1. if u is a number between f(a) and f(b), thatis,

min(f(a), f(8)) < u < max(f(a), £(5)), ? Cinliay
o e i)
“Q « Version I. the image set f(I) is also an interval (closed), and it contains [m.‘m(f(a), f(b)),max(f(a,), f(b))]
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5.3.5 Location of Roots Theorem Let[ = [a,b] and letf : I — R be continuous on I. If

fla) <0 < f(b), or if fla) > 0 > f(b), then there exists a number c € (a,b) such that

fle) =0. .

( Proof. We assume that f(a) < 0 < f(b). We will generate a sequence of intervals by N

) successive bisections. Let I} := [ay, b], where a; := a, by := b, and let p, be the midpoint
pi = 3(a; +b1). If f(p;) = 0, we take ¢ := p, and we are done. If f(p,) # 0, then either

/ f(p,) >0o0rf(p,) <0.If f(p;) > 0, then we set a; == a,,b, := p,, while if f(p,) <0,

thenwe set a; := p,, by = b,.Ineither case, we let I := [ay, b;];thenwe have [, C Iyand

fla2) <0, f(b) > 0.
We continue the bisection process. Suppose that the intervals /;,/,,...,[; have

been obtained by successive bisection in the same manner. Then we have f(ax) < 0 and —
> f(br) > 0, and we set p, = %(ak + bi). If f(py) = 0, we take ¢ := p, and we are done.

( If f(p) >0, we set agyy = ak,brs) = p, while if f(p,) <0, we set apy :=

P> bi+1 :=br. In either case, we let Ijy| := [agy1,bk41); then Ipyy CIp and —
& flagsr) <0, f(besy) > 0.

If the process terminates by locating a point p, such that f(p, ) = 0, then we are done.

If the process does not terminate, then we obtain a nested sequence of closed bounded
intervals I, := [a,, b, such that for every n € N we have

fla,) <0 and f(b,) > 0.

Furthermore, since the intervals are obtained by repeated bisection, the length of 7, is

equal to b, —a, = (b —a)/2"". It follows from the[ Nested Intervals Property 2.5.2

that there exists a point ¢ that belongs to I, for all n € N.) Since a, < ¢ < b, for all
n € N and lim(b, — a,) = 0, it follows that lim(a,) = ¢ = lim(b,). Since f is continuous

at ¢, we have

lim (f(an)) = f(c) = lim (f(bn)). -

The fact that f(a,) < O for all n € N implies that f(¢) = lim (f(a,)) < 0. Also, the fact
that f(b,) > 0 for all n € N implies that f(c) = lim (f(b,)) > 0. Thus, we conclude that

f(c) = 0. Consequently, ¢ is a root of f. QED.
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Gontimuous Extomsiom Theorem
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5.4.8 Continuous Extension Theorem A function f is uniformly continuous on the

interval (a, b) if and only if it can be defined at the endpoints a and b such that the ex-
tended function is continuous on [a, b).

Proof. (<) This direction is trivial. —
(=) Suppose f is uniformly continuous on (a, b). We shall show how to extend fto a;

the argument for b is similar. This is done by showing that )lcl_r’rg f(x) = Lexists, and this is
accomplished by using the sequential criterion for limits. If (x,) is a sequence in (a, b) with

lim(x,) = a, then it is a Cauchy sequence, and by the preceding theorem, the sequence

(f(xn)) is also a Cauchy sequence, and so is convergent by Theorem 3.5.5. Thus the limit

lim(f(x,)) = L exists. If (u,) is any other sequence in (a, b) that converges to a, then
lim(u, — x,) = a —a = 0, so by the uniform continuity of f we have

lim(f(un)) = Tim(f (un) = f(xn)) + lim(f(xn))

=0+L=L. S

Since we get the same value L for every sequence converging to a, we infer from the
sequential criterion for limits that f has limit L at a. If we define f(a) := L, then f is

continuous at a. The-same argument applies to b, so we conclude that f has a continuous
extension to the interval [a, b]. QED.

Since the limit of f(x) := sin(1/x) at 0 does not exist, we infer from the Continuous
Extension Theorem that the function is not uniformly continuous on (0, b] for any b > 0.

On the other hand, since lirr(l)xsin(l/x) = 0 exists, the function g(x) := xsin(1/x) is
X—=

uniformly continuous on (0, b for all & > 0.
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