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Suppose that zg is a local maximum (a similar proof applies if 2 is a local minimum). Then there exists § > 0 such that (:I:g — 8,9 + 6) C (a, b) and —
such that we have f(zg) > f(z) for all z with |z — z¢| < 4. Hence for any h € (0, §) we have
f(zo + h) — f(z0)
h
Since the limit of this ratio as h gets close to 0 from above exists and is equal to f’ (o) we conclude that f (z9) < 0. On the other hand, for
h € (—46,0) we notice that

(o + h) — f(2o)
h

<0.

>0

but again the limit as } gets close to 0 from below exists and is equal to f'(z) so we also have f'(zg) > 0.

Hence we conclude that f'(zq) = 0.
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6. Evaluate the following limits.

eXte =2 x% — sin 2x —
im —— b) lim ——— )
@ }cl—r»no 1 — cosx 2 ®) 0 x4 /3 o
7. Evaluate the following limits, where the domain of the quotient is as indicated.
In(x+1) tan x
li 0, ©/2), b) i 0,7/2), -
@) x—l»r(r)l+ sin x (0, 7/2) \ ®) x—l»r(§1+ X (0,7/2),
. Incosx . tanx — Xx \ —
© lim —— (0,7/2), O (@) lim — (0,7/2). )y
8 Evaluate the following limits:
Arctan x 1 -
li — , b i 0,1),
(a) lim — (—o0, 00) J (b) P_% (Inx)? (0, 1), o0 B
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\/é. Let f be differentiable on (0, co) and suppose that lim (f(x) +f'(x)) = L. Show that
X—00
lim f(x) = L and lim f'(x) = 0. [Hint: f(x) = *f(x)/e*.]

X—00

13. Try to use L’Hospital’s Rule to find the limit of fan x

as x — (m/2)—. Then evaluate directly

. . . sec x
by changing to sines and cosines.

x¢ —c* Il —Inc
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. ~ 16. Let/ C R be an open interval, let f : I — R be differentiable on /, and suppose f”(a) exists at
a € I. Show that

fla+h) —2f(a) +f(a—h)
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(Fixedl - point Hevation Fhesmum)

22. Suppose f'is a real function on (— o, o). Call x a fixed point of fif f(x) = x. —
If fis differentiable and f'(¢) # 1 for every real ¢, prove that f has at most one

fixed point. ((yP o dylvihwe » eftn & decruopsd, 0F imouses

‘/(65 Show that the function f defined by }thh o Hlowen tvo- W) o
vouly | f@ =+ (1 + et g e .
LN D (HeY) QYL

has no fixed point, although 0 < f’(¢) < 1 for all real 1.

& However, if there is a constant 4 < 1 such that |f”(t)| < A for all real ¢, prove
that a fixed point x of f exists, and that x = lim x,, where x, is an arbitrary real
number and . .

vt onfrachve —
Xn+1 = f(Xn) KM —
forn=1,2,3.... L Uksowly fumchivy-

Show that the process described in (¢) can be visualized by the zig-zag path

(X1, x2) = (X2, x2) = (X2, X3) > (X3, X3) > (X3, X4) => """

! T

f % Lipschity with Lipsiib, onfaet A <1
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(Neaon ~Rophson Mathod)

6.4.7 Newton’s Method Let [ = [a,b] and let f : I — R be twice differentiable on I.

Suppose that f(a) f(b) < 0 and that there are constants m, M such that |f'(x)| >m > 0

containing a zero r of f such that for any x; € I* the sequence (x,) defined by

f(Xn)

(5) Xn+l -= Xp — for all ne N,

f'(xa)

belongs to I'' and (x,) converges to r. Moreover

(6) | X1 — 1] <K |x, — r|2 forall neN.
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and |f"(x)| <M for x €I and let K := M/2m. Then there exists a subinterval I'



